Abstract-This letter studies the behavior of heterogeneous dielectric substrates created by including micro-sized cubes of different electromagnetic (EM) properties to an otherwise homogenous host medium. The letter looks at the effect of the volume fraction of cubic inclusions (dielectric or metallic) to the effective EM properties of the heterogeneous medium. It is well known that the effective permittivity of the mixture is dependent on the properties of the host and inclusions as well as the size and spacing of the cubes. EM simulations using a plane-wave excitation have been used to carry out these studies. An inversion process using a rectification algorithm was employed to correctly obtain the effective permittivity from the scattering parameters of the mixture. The analytical results of the infinite medium using canonical equations and a volume equivalence showed good agreement with the EM simulations and measurement of our samples of finite thickness. This letter shows that cubic inclusions can produce a higher effective permittivity than was previously found with spheres.
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I. INTRODUCTION
O NE OF the most commonly used inclusion shapes in the creation of heterogeneous substrates is the sphere [1] - [6] . This is because the sphere is the same size in all three dimensions and as such is more straightforward to analyze as the induced field is uniform [2] , [7] , [8] . Other inclusion shapes include thin discs [9] - [11] , cubes [8] , ellipsoids [10] , rectangular strips [11] , and I-shaped elements [12] , among others. The use of other shapes that are nonuniform in all three dimensions generally leads to anisotropy in which the electromagnetic (EM) properties of the medium may vary along different axes [10] , [11] , [13] . These heterogeneous composites allow the permittivity to be controlled and can be used as antenna substrates.
In creating heterogeneous substrates, the EM properties of the host material and the inclusions differ from each other. Depending on the size and spacing of the inclusions, and the uniformity of their arrangements, (e.g., in a cubic lattice), the total mixture can be viewed on a macroscopic scale as being homogenous, hence having an effective permittivity and permeability . This macroscopic behavior can be obtained from the response of the inclusions or scatterers using [1] , [2] , and [8] .
The aim of this letter is to investigate cubic inclusions and compare the results to previously published results with spherical inclusions. As shown in [14] , a volume equivalence between spheres and cubes can be used to allow for comparison between spheres and cubes when using canonical equations given in [2] . A comprehensive analysis of these equations was done in [14] - [17] . This equivalence method has been shown to yield very good results. This letter shows that the multiplying factor limit on the host permittivity having metallic spherical inclusions can be significantly exceeded by the use of cubic inclusions in a cubic lattice.
Section II outlines the analysis of the various simulations carried out using the 3-D finite-difference time domain (FDTD) software EMPIRE XCcel. Results from canonical equations from [1] , [2] , and [6] using the sphere-cube volume equivalence approach were compared to the simulation results. Dielectric and metallic cubes of the same size but different spacings were used. In Section III, results from further EM analysis are discussed. Measurements were carried out to show the effectiveness of the theoretical study and are discussed in Section IV. Finally, conclusions are made in Section V.
II. ELECTROMAGNETIC SIMULATIONS
Canonical equations in the literature use spherical inclusions for their analysis. EM simulations in this letter used mixtures with cubic inclusions for the analysis. It is well known that the maximum packing density for spherical inclusions is when the spheres are touching, which implies a volume fraction of for a simple cubic (SC) lattice arrangement. This theoretical barrier of the volume fraction limits the extent to which the effective permittivity of the host medium can be raised. Given that metallic particles have much higher equivalent permittivities [2] , [18] , it has been shown in [2] that the highest multiplying factor metallic spherical particles in an SC lattice can have on the host material is 4.297. This factor is irrespective of the size and spacing of the particles as the volume fraction has a dominating effect on the of the mixture. A factor of up to 8 and 10 may be obtained with spherical inclusions in the body and face centered cubic lattices, respectively, where the volume fraction is larger [3] , [13] .
This prompts the need to study other inclusion shapes to break these limits, thus the use of cubic inclusions here. As the cubes can occupy more of the volume space in their unit cells, is higher. As the size of the cubes tends to that of the unit cells, it is expected that the of the mixture would approach the permittivity of the inclusions. For a fixed cube size, reducing the spacing between them eventually leads to a situation where 1536-1225/$31.00 © 2012 IEEE their equivalent spheres are overlapping, which is physically unrealizable. Using cubes is therefore helpful in terms of maximizing the volume fraction. Reference [8] examines the polarizability of dielectric cubes using a "surface-integral-equation" approach in order to check that when used in the well-known Maxwell-Garnett equation for effective permittivity, a reasonably accurate result can be obtained [10] . Fig. 1 shows the simulation arrangement of the cubic inclusions in a uniform lattice in three and two dimensions. The cubes are equally spaced in all three dimensions. The simulations are set up such that the boundary conditions in two dimensions ( and ) are perfect electric and magnetic conductors (PECs and PMCs), as shown in Fig. 1(b) , while in the third dimension , perfectly matched layers (PMLs) are used to minimize reflections; see Fig. 1(c) . The PEC and PMC boundaries create a structure that is infinite in two dimensions-parallel to the plane of incidence of the plane wave. The structure is, however, finite (thickness ) in the direction of propagation of the EM wave.
A resonant inverse scattering formalism together with a rectification algorithm [9] is used to extract the effective EM properties of the heterogeneous mixture, further details of which can be found in [14] . This method uses the scattering ( -) parameters and thickness of the medium when subjected to a plane-wave excitation to obtain these properties. The -parameters measured at the port locations are first subject to phase corrections to account for the shift from the edge of the structure to the port positions [19] . The rectification algorithm corrects the phase of the medium as it may exhibit sharp discontinuities over the frequency range. Table I summarizes the symbols used for the parameters. The permittivity values used in this letter are magnitudes of their relative values.
A. Dielectric Cubic Inclusions
As a first step in the analysis of cubic inclusions, the host and the inclusions were both dielectric. Data used: , Fig. 2 shows the variation of with frequency for different inclusion spacings, while Fig. 3 shows the decrease in with increase in spacing at 10 GHz.
As shown in Fig. 2 , there is a 1.8 difference in the value when the spacing is reduced by 10 m from 120 to 110 m. The marker in Fig. 3 shows the for when the cubes replaced by volume-equivalent spheres are touching in an SC lattice. Note, if the spheres were touching, the would increase to 2.34 times the host. This value could be increased toward the 4.297 limit by increasing the of the inclusions. From [8] , an equation for the polarizability of a cube was derived. Using this equation in the Clausius-Mossotti equation for effective permittivity [10] , with m, m, , , was obtained as , which is in good agreement with that obtained from the simulations. 
B. Metallic Cubic Inclusions
The Drude model produces an equivalent permittivity of metal that is typically much greater than that of dielectrics [18] . Therefore, metallic inclusions are expected to have larger effect on the overall permittivity of the mixtures. With metallic spheres, the highest theoretically possible in an SC lattice is about four times that of the host [2] . It was expected that with cubic inclusions, this limit should be broken. Data used: m, m, , inclusion material silver, S/m , . Fig. 4 shows the different values for different spacings. As shown in Fig. 4 , when the cubes are 5 m apart, an of 46.7 is obtained-an increase of 21.2 times. It is expected that even higher could be obtained by further reducing the spacing. However, in the limit where the metallic cubes are touching, the object will behave like a continuous metal structure. As expected, metallic cubic inclusions produce a significantly larger than either metallic spherical inclusions or dielectric cubic inclusions, considered in Fig. 2 .
III. FURTHER ANALYSIS AND RESULTS
In order to understand the behavior of the metallic cubes within the dielectric medium, further simulations and analysis were carried out.
A. Loss Tangents
The loss tangent values of the were calculated using for different spacing-size ratios with the 100-, 75-, and 40-m metallic cubes, at 10 GHz. This gave an average value of 0.001.
Even when the cubes were in very close proximity, the heterogeneous structure has very low loss and approximates the of the host. These low loss tangent values may be due to low loss tangent value of the host medium and the high conductivity value of the inclusions.
B. Spacing-to-Size Ratios
Further simulations were carried out using the same spacing-to-size ratios (equivalent to volume fractions) while changing the size of the metallic cubes. The cube sizes used were 100, 75, and 40 m. Fig. 5 shows the variation of for each cube size with this ratio.
As shown in Fig. 5 , the canonical results using [1] , [2] , and [6] (which all give similar results) with the volume equivalence method show very good agreement with the results from the simulations. Note that [1] , [2] , and [6] are for spheres and only allow a 0.524 volume fraction. It can be concluded that, as in the case of the spherical inclusions, the volume fraction of the inclusions play a dominant role in determining the of the medium. The size of the cubes plays little role in determining the overall permittivity of the structure. This could mean that as long as the frequency of operation is well below the resonant frequency of the inclusions, the same can be predicted even when the particles' size is reduced.
IV. RESULTS FROM MEASUREMENTS
Initial scaled-up measurements using spherical metallic inclusions in a Rohacell host were carried, and the results were discussed in [14] . As the structures examined in this letter are cubical, copper (Cu) squares of identical sizes and periodicity (along the axes of the squares only) were etched on either side of a GTS substrate with a relative permittivity of 3.0. Data used: Cu square size m thickness, periodicity m, frequency range 1-6 GHz. A three-layer sample of volume fraction 0.173 and thickness 540 m was assembled and measured using the resonator technique in [20] . In our case, we used a half-wavelength resonator of length 19 mm, which was printed on a 1.125-mm-thick layer of Taconic. The resonator was printed on a 140-m-hick GTS layer. We have validated this technique by accurately measuring samples of known dielectric constants. Fig. 6 shows the measurement setup.
The effective permittivity of the sample in the above measurement setup was estimated from the well-known equations used in [20] and from [21, Eq. (13) ]. The values obtained were in good agreement: 6.52 from simulations above, and 6.34 from the measurements.
V. CONCLUSION
It has been shown that the restriction on the maximum possible value of effective permittivity with the use of spheres can be significantly increased by the use of cubic inclusions. A multiplying factor, approximately 20 times the permittivity of the host, has been achieved with the use of cubic metallic inclusions. Further enhancements may be possible with more closely packed cubes. The effective loss tangents from these heterogeneous media obtained from simulations are similar to the loss tangent of the host medium. This letter has shown that the inclusion material and volume fraction are the key parameters. Therefore, these results are independent of scale, assuming the inclusion sizes are much less than the operating wavelengths. The measurement result of a three-layer sample in a resonator arrangement was in good agreement with the simulated value.
